In this paper the intersection problem in humanrobot systems with respect to noisy information is discussed. The interaction between humans and mobile robots in shared areas requires a high level of safety especially at the intersections of trajectories. We discuss the intersection problem with respect to noisy information on the basis of an analytic geometrical model and its TS fuzzy version. The transmission of a 2-dimensional Gaussian noise signal, in particular information on human and robot orientations, through a non-linear static system and its fuzzy version, will be described. We discuss the problem: Given the parameters of the input distributions, find the parameters of the output distributions.
I. INTRODUCTION
Activities of human operators and mobile robots in shared areas require high attention regarding system stability and safety. Planning of mobile robot tasks, navigation and obstacle avoidance were main research activities during many years [1] , [2] , [3] . The simultaneous use of the same workspace requires an adaptation of the behavior of both human agents and robots to facilitate successful collaboration or to support separate work for both. In this connection, the recognition of human intentions to reach at a certain target is an important aspect which has been reported by [4] , [5] , [6] . Bruce et al address a planned human-robot rendezvous at an intersection zone [7] . Human-like sensors/systems allow for easier and more natural human-robot interaction because they share their principle of operation with natural systems [8] , [9] , [10] . Based on an estimation of positions and orientations of robot and human, the intersections of intended linear trajectories of robot and human are computed. Due to system uncertainties and observation noise the intersections points are corrupted with noise as well. Depending on the distance between human and robot, uncertainties in human/robot orientations with standard deviations of more than one degree may lead to high uncertainties at the intersection points. Therefore, for the sake of human safety and for an effective human-robot collaboration it is essential to predict uncertainties at possible crossing points. The relationship between human/robot position and orientation and the intersection coordinates is nonlinear, but can be linearized under certain restrictions. This is especially true if we only consider the linear part of correlation between input and output of a nonlinear transfer element [11] , [12] . This is also valid for small standard deviations at the input. For fuzzy systems two main directions to deal with uncertain system inputs are the following: One direction is the processing of fuzzy inputs (inputs that are fuzzy sets) in fuzzy systems [13] , [14] . Another direction is the fuzzy reasoning with probabilistic inputs [15] and the transformation of probabilistic distributions into fuzzy sets [16] . Both approaches fail more or less to solve the practical problem of the processing of a probabilistic distribution through a static fuzzy system. The content and contribution of this paper are the solution of the direct task for different numbers of input fuzzy sets, that is: For a given set of parameters of Gaussian distributions at the input of a fuzzy system, you will find the corresponding parameters of the output distributions. The inverse task would be: Given the output distribution parameters, find the input distribution parameters. An application is the bearing task for intersections of possible trajectories emanating from different positions for the same target. In the following we restrict our consideration to the direct task and the static one-robot one-human-case in order to show the general problems and difficulties. Cases that are relevant for adaptation of velocities and directions of motions have already been described in [6] , [3] . The paper is organized as follows. Section II deals with Gaussian noise and the intersection/bearing problem in general and its analytical approach for 2 orientations as inputs and 2 positions as outputs. Section III deals with the corresponding fuzzy approach. In section IV the extension from 2 inputs to 6 inputs (2 orientations, 4 positions) is discussed. Section V deals with simulations to show the influence of the resolution of the fuzzy system on the accuracy at the system output. Finally, section VI concludes the paper.
II. GAUSSIAN NOISE AND THE BEARING PROBLEM A. Computation of intersections -analytical approach
The following computation deals with the intersection ( , ) of two linear paths in a plane along which robot and human will move. Let x = ( , ) and x = ( , ) be the position of human and robot and and their orientation angles (see Fig. 1 ). where positive angles and are measured from the coordinates counterclockwise. The variables x , x , , , , and the angle are supposed to be measurable. The unknown orientation angle can be computed by
Then after some substitutions we get the coordinates and 
Rewriting (3) leads to a form that can be used for the fuzzification of (3)
= tan − tan from which we see that x = ( , ) is linear in x = ( , , , )
The TS-fuzzy approximation of (5) (see [3] ) is given by
The following paragraph deals with the accuracy of the computed intersection in the case of distorted orientation information.
B. Transformation of Gaussian distributions
1) General considerations: Let us consider a static nonlinear system
with 2 inputs x = ( 1 , 2 ) and 2 outputs z = ( 1 , 2 ) . Let further the uncorrelated Gaussian distributed inputs 1 and 2 be described by the 2-dim distribution
The question arises how the output signals 1 and 2 are distributed in order to obtain their standard deviations and the correlation coefficient between the outputs. For linear systems Gaussian distributions are linearly transformed which means that the output signals are also Gaussian distributed. In general, this does not apply for nonlinear system as in our case. However, if we assume the input standard deviations small enough then we can construct local linear transfer functions for which the output distributions are nearly Gaussian distributed but correlated in general.
12 -correlation coefficient.
2) Differential approach: Function F can be described by individual smooth and nonlinear static transfer functions
Linearization of (10) yields dz =˜⋅ dx ez =˜⋅ ex (11) with
3) Specific approach to the intersection: Beside the exact solution (4) it is recommended to search for a differential approach of the intersection problem. This comes into play when the contributing agents, robot and human, change their directions of motion. Another aspect is to quantify the uncertainty of x in the presence of uncertainty in angles and or in x = ( , , , ) . Differentiating of (4) 
4) Output distribution:
To obtain the distribution 1 , 2 of the output signal we invert (11) and substitute the entries of e x into (8)
with =˜− 1 and 
where j xz = ( 11 , 12 ) and j yz = ( 21 , 22 ). Entries are the result of the inversion of˜. From this substitution we get
where 1 , 2 is a normalization factor and
The exponent of (15) is rewritten into 
then a comparison of xpo in (17) and the exponent in (9) yields
from which we finally get the correlation coefficient 12 and the standard deviations 1 and 2
So once we have obtained the parameters of the input distribution and the mathematical expression for the transfer function ( , ) we get the output distribution parameters straight forward.
III. FUZZY APPROACH
The previous presentation shows that the computation of the output distribution can be of high effort which might be problematic especially in the on-line case. Provided that an analytical representation (7) is available then we have two methods to build a TS fuzzy model.
Method 1:
Based on values , and at predefined orientations x = ( 1 , 2 ) = ( , ) we formulate the following rules :
(21)
where X are fuzzy terms for x , -number of fuzzy terms, -number of variables, = 2, = 1... , = -number of rules From this set of rules we obtain
Method 2: Based on values , and at predefined orientations x , = 1... , 2 -number of rules we compute the corresponding 12 
. From this we formulate the following rules :
(23)
From (23) we get
Both methods seem to be of equal quality, but simulations show that this is not always the case due to the different levels of computation at which the fuzzy interpolation takes place.
IV. EXTENSION TO 6 INPUTS AND 2 OUTPUTS

A. Non-fuzzy approach
The previous section dealt with two orientation inputs and two intersection position outputs where the position coordinates of robot and human are assumed to be constant. Let us again consider the nonlinear system
where denotes a nonlinear system. Here we have 6 inputs x = ( 1 , 2 , 3 , 4 , 5 , 6 ) and 2 outputs x c = ( , ) . For the bearing problem we get x = ( , , , , , ) Let further the uncorrelated Gaussian distributed inputs 1 ... 6 be described by the 6-dim distribution
where e x = ( 1 , 2 , ..., 6 ) ; e x = x −x,x -mean(x), -covariance matrix.
The output distribution is again described by
In correspondence to (7) and (10) function F can be described by
Furthermore we have in correspondence to (12) 
where represents a normalization of the output distribution and Substitution of (35) into (34) leads with = to , = (− 1 2
Comparison of (36) with (27) leads with (33) to
which is the counterpart to the 2-dim input case (20) .
B. Fuzzy approach
The first step is to compute values , and from (35) at predefined positions/orientations x = ( 1 , 2 , 3 , 4 , 5 , 6 ) . Then, using method 1 we formulate fuzzy rules , according to (21) and (22) with = 1... ,number of fuzzy terms, = 6 -number of variables = -number of rules. The same applies for method M2 using rules (23) with subsequent results (24). With such an increase in the number of inputs, one unfortunately sees the problem of an exponential increase in the number of rules, which is associated with a very high computational burden. For = 7 fuzzy terms for each input variable , = 6 we end up with = 7 6 rules which is much to high to deal with in a reasonable way. So, one has to restrict to a reasonable number of variables at the input of a fuzzy system. This can be done either in a heuristic or systematic way [17] to find out the most influential input variables which is however not the issue of this paper.
V. SIMULATION RESULTS
Based on the human-robot intersection example, the following simulation results show the feasibility to predict uncertainties at possible intersections by using analytical and/or fuzzy models for a static situation. Position/orientation of robot and human are given by x = ( , ) = (2, 0)m and x = ( , ) = (4, 10)m and = 1.78 rad, (= 102 ∘ ), and = 3.69 rad, (= 212 ∘ ). and are corrupted with Gaussian noise with standard deviations (std) of = 1 = 0.02 rad, (= 1.1 ∘ ). Figure 1 depicts the static positions of robot and human aiming at different goals with crossing paths. We compared the fuzzy approach with the analytical non-fuzzy approach as reference using partitions of 60 ∘ , 30 ∘ , 15 ∘ , 7.5 ∘ of the unit circle for the orientations with results shown in table I and figures 2-5. Notations in table I are: 1 -std-computed, 1 -std-measured etc. The numbers show three general results for the fuzzy approach: 1. Higher resolution leads to better results. 2. Method M1 leads to similar results as method M2 for higher resolutions (see also bold numbers in Table I) . For low resolutions M1 works better than M2. 3. The quality of the results regarding measured and computed values depends on the shape of membership functions (mf's). Lower input std's (0.02 rad) require Gaussian mf's, higher input std's (0.05 rad = 2.9 ∘ ) require Gaussian bell shape mf's which can be explained by different smoothing effects due to different mf-shapes (see columns 4 and 5 in table I). Results 1 and 2 can be explained by the comparison of the corresponding control surfaces and the measurements (black and red dots) to be seen in figures 6 -10. Figure 6 displays the control surfaces of and for the analytical case (4) . The control surfaces of the fuzzy approximations (6) (see [3] ) are depicted in figures 7 -10. Starting from the resolution 60 ∘ (fig. 7 ) we see a very high deviation compared to the analytic approach ( fig. 6 ) which decreases more and more down to resolution 7.5 ∘ (fig. 10 ). This explains the high deviations in standard deviations and correlation coefficients in particular for sector sizes 60 ∘ and 30 ∘ . 
VI. DISCUSSIONS AND CONCLUSIONS
We discussed the problem of intersections of trajectories in human-robot systems with respect to uncertainties that are modeled by Gaussian noise on the orientations of human and robot. This problem is solved by a transformation from human-robot orientations to intersection coordinates using a geometrical model and its TS fuzzy version. Based on the input Fig. 10 . Control surface fuzzy, 7.5 ∘ standard deviations of the orientations of human and robot, the output standard deviations of the intersection coordinates are calculated. Measurements of the output standard deviations correspond with the calculated values both for the analytical and for the fuzzy approach. We presented two competing methods for fuzzy modeling and extended our method to human/robot positions as well. The analysis based on the twoinput case was performed under the condition that the nominal position/orientation of robot and human are constant and known. The measurements of their orientations are distorted by Gaussian noise with known parameters. This analysis together with the fuzzy extension also applies to robots and humans in motion, as long as the positions of robots and humans can be reliably estimated. In further work, by using suitable Kalman filters for the robot and human positions and considering the position estimates for the calculation of the intersections, it is possible to take into account the system noise and the measurement noise at the positions independent of the noise in the orientations. In terms of uncertainties and noise, multiplerobot multiple-person problems ( [18] , [19] , [20] , [21] ) should be pairwise solved between a single robot and a single person based on the analysis presented in this paper.
